Abstract. Algebraic deformations of modules over a ring are considered. The resulting theory closely resembles Gerstenhaber's deformation theory of associative algebras.
Introduction
In a series of papers, Gerstenhaber [3, 4, 5, 6] developed an algebraic deformation theory of associative algebras. The idea is that given an associative algebra R, one deforms its multiplication while keeping the associative property and its underlying additive structure. The infinitesimal of a deformation can then be identified with a 2-cocycle in the Hochschild cohomology of R with coefficients in itself. As a result, the vanishing of this cohomology group implies that R is rigid, in the sense that every deformation is equivalent to the original multiplication. Related issues such as identifying obstructions to extending a 2-cocycle to a deformation were also considered. This theory has been extended in various directions. For example, in [11] Gerstenhaber and Wilkerson studied deformations of differential graded modules and algebras, in which only the differential is deformed. The article [2] by Fox is a very readable introduction to the theory of algebraic deformations.
The purpose of this paper is to develop a deformation theory of modules over an associative ring. Let M be a (left) R-module, where R is an associative, not-necessarily commutative k-algebra with k a commutative ring with unit. In section 3 below we will show that the infinitesimal of a deformation of M is a 1-cocycle in the Hochschild cohomology of R with coefficients in the R-R-bimodule End(M ) of k-linear endomorphisms of M . As a consequence of this, it is observed that the vanishing of the first Hochschild cohomology group of R with coefficients in End(M ) implies that M is rigid (Corollary 3.3). In section 4, the obstructions to extending a 1-cocycle to a deformation of M are identified. In Gerstenhaber's terminology, a 1-cocycle that is extendible to a deformation is called integrable. We approach the integrability question by considering the slightly more general question of extending an approximate deformation of order n to one of higher order. The obstructions are all 2-cocycles (Lemma 4.1) and the vanishing of their cohomology classes is equivalent to extendibility of a 1-cocycle to a deformation (Theorem 4.2). The question of when two extensions are equivalent is also considered (Proposition 4.5). Notice the similarity of our results with Gerstenhaber's, except for a dimension shift.
We should point out that algebraic deformations of modules were first considered by Donald and Flanigan [1] . Their theory has the advantage that the definition of a deformation is very similar to Gerstenhaber's. On the other, they have to restrict themselves to finite dimensional algebras R over a field k and finite dimensional R-modules M . Our theory has the (very) slight advantage that we do not need such assumptions on k, R, and M .
Moreover, our deformation of an R-module M can be thought of as a deformation of the algebra morphism R → End(M ). In particular, our theory is a special case of the deformation of an algebra morphism considered by Gerstenhaber and Schack [7, 8, 10, 13] . In those papers, they studied cohomology and deformations of presheaves of algebras, with an algebra map B → A being a special case. Furthermore, our results are quite similar to the two main examples discussed by Gerstenhaber and Schack in [9] . The first of these examples is due to Nijenhuis [12] , which concerns deformations of a subalgebra B inside a fixed algebra A. The second example is about deformations of a group representation kG → End(V ), in which the group G, and hence the algebra kG, is fixed. Although our results can be regarded as special cases of those of Gerstenhaber and Schack, it seems worthwhile to record the results in details in this special case for future reference.
We present our theory entirely in terms of left modules, but one can adapt it easily to the cases of bimodules and right modules. For instance, it is a standard fact that an R-R-bimodule M is equivalent to a left R ⊗ k R opmodule, via the formula (r ⊗ s)m = rms.
In the following section, we will first recall some basic definitions about Hochschild cohomology. The reader who is familiar with Hochschild cohomology can safely skip this section and go directly to section 3.
Hochschild cohomology
The purpose of this section is to give a brief account of Hochschild cohomology that is relevant to this paper. Much more detailed discussions can be found in many references, for example, Weibel [14] .
Throughout this paper, we work with a fixed commutative ground ring k with unit, an associative, not-necessarily commutative k-algebra R, and a (left) R-module M . For convenience, we write ⊗ for ⊗ k , tensoring over k, and R ⊗n for R ⊗ · · · ⊗ R (n factors).
The set of k-linear endomorphisms of M , written End(M ), has a natural structure as an R-R-bimodule. In fact, if r and s are elements in R, g ∈ End(M ), and m ∈ M , then (rgs)(m) = rg(sm).
Moreover, End(M ) is also an associative k-algebra with composition of endomorphisms as product.
Consider the cochain complex Hom k (R ⊗ * , End(M )) in which the nth dimension consists of the k-linear maps from R ⊗n to End(M ). The differential
is given by the formula
It is a standard fact that d 2 = 0. The cohomology groups of this cochain complex are the Hochschild cohomology groups of R with coefficients in
Deformations and Infinitesimals
We remind the reader that we are working with a fixed ground ring k, an associative, not-necessarily commutative k-algebra R, and a (left) R-module M .
In this section, we will define a deformation and a formal automorphism of M . Then we observe that the infinitesimal deformation is a 1-cocycle in the Hochschild cohomology of R with coefficients in End(M ). A consequence of this is that the vanishing of the first Hochschild cohomology group of R with coefficients in End(M ) implies that M is rigid.
To define a deformation of M , notice that the R-module structure on M is equivalent to a map
of associative k-algebras, where End(M ) denotes the set of k-linear endomorphisms of M . Indeed, the map ξ is given by ξ(r)(m) = rm for elements r ∈ R and m ∈ M .
With this in mind, we now define a (formal) deformation of M to be a formal power series
in which each ξ i is a k-linear map from R to End(M ). Moreover, it is required to be multiplicative, in the sense that
for all elements r and s in R. The k-linear map ξ 1 is called the infinitesimal deformation of ξ t .
The multiplicative property is equivalent to the relations
for n ≥ 0, where we are using the convention that ξ 0 = ξ. When n = 0, this is just restating that ξ is multiplicative. When n = 1, we obtain the relation
or equivalently,
In other words,
Of course, one would like to regard the cohomology class of ξ 1 as the infinitesimal deformation. In order to do this, we need an appropriate notion of equivalence of deformations. Define a formal automorphism of M to be a formal power series
in which each φ i is a k-linear endomorphism of M with 1 denoting the identity map. Two deformations ξ t andξ t of M are said to be equivalent if there exists a formal automorphism φ t such that (3.0.5)ξ t = φ −1 t ξ t φ t . This clearly defines an equivalence relation on the set of deformations of M . We say that M is rigid if every deformation of M is equivalent to ξ.
Two things should be pointed out about the equation (3.0.5). First, the right-hand side of the equation is a composition of power series. It is to be understood in the following sense. Given k-linear endomorphisms φ and ψ of M and a k-linear map g : R → End(M ),
is the map that sends an element r ∈ R to the composite k-linear endomorphism ψg(r)φ of M . Second, if ξ t is a deformation of M and φ t is a formal automorphism, then the power seriesξ t defined by (3.0.5) is a deformation of M . In other words, the formal power seriesξ t so defined has the multiplicative property. This is a trivial consequence of the multiplicative property of ξ t (3.0.2).
With the notion of equivalence defined as above, the following result allows us to regard the infinitesimal deformation as a 1-dimensional cohomology class which is well defined by the equivalence class of the deformation.
Proof. The first assertion has already been established. For the second assertion, we know that there exists a formal automorphism φ t such that (3.0.5) holds. Expanding the right-hand side of that equation, we obtain
Here [ξ, φ 1 ] denotes ξφ 1 − φ 1 ξ, which is a 1-coboundary in the Hochschild cochain complex of R with coefficients in End(M ). This proves the second assertion.
Now we would like to have a cohomological criterion for the rigidity of M .
Notice that if ξ t is a deformation of M of the form
for some l ≥ 1 (that is, ξ 1 = · · · = ξ l−1 = 0), then ξ l is a 1-cocycle. This is again derived from (3.0.3). Suppose in addition that ξ l is a 1-coboundary so that ξ l = [ξ, φ l ] for some φ l ∈ End(M ). Let φ t be the formal automorphism
Then ξ t is equivalent to the following deformation of M :
In other words, if the first nontrivial ξ l in the deformation ξ t is cohomologous to 0, then ξ t is equivalent to a deformation in which the first nontrivial term (after ξ) is t l+1 . We record this formally in the following result.
Theorem 3.2. Let ξ t be a deformation of M . Then there exists an l ∈ {1, 2, . . . , ∞} such that ξ t is equivalent to a deformation of the form
l+1 + · · · in whichξ l is not cohomologous to 0.
An immediate consequence of this result is a cohomological criterion for the rigidity of M .
Corollary 3.3. If the Hochschild cohomology group H
Here is an example of a rigid module. Let k be a field, R be a finite dimensional, separable k-algebra, and M be any (left) R-module. Then there is an isomorphism
(See Example 8.7.6, Lemma 9.1.9, and Theorem 9.2.11 in [14] for a proof.) In particular, M is rigid. Here Ext i R/k is the "relative" Ext group defined as follows. Let U be the forgetful functor from R-modules to k-modules and F be the functor −⊗ k R going the other way. Then F is a left adjoint to U , and therefore F U is a cotriple on the category of R-modules. Given an R-module M , we obtain in the usual way a simplicial R-module (F U ) * M by applying the cotriple F U repeatedly. The relative Ext groups are then the cohomology groups of the cochain complex associated to the cosimplicial R-module Hom R ((F U ) * M, M ).
Extending approximate deformations
We continue to use the notations from the previous section. In particular, R is an associative, not-necessarily commutative algebra over a commutative ground ring k and M is a (left) R-module. The R-module structure on M is considered as a map ξ : R → End(M ) of associative k-algebras.
In the previous section, we observed that the infinitesimal deformation is a 1-cocycle in the Hochschild cochain complex of R with coefficients in End(M ). It is not true that an arbitrary 1-cocycle σ is the infinitesimal deformation of a deformation of M . Following Gerstenhaber [3] , we say that a 1-cocycle σ is integrable if it is the infinitesimal deformation of a deformation of M . The purpose of this section is to identify the obstructions to the integrability of a 1-cocycle.
We will actually consider a slightly more general problem. Following Gerstenhaber and Wilkerson [11] , define an approximate deformation of order m (≥ 1) to be a formal power series
in which each ξ i is a k-linear map from R to End(M ). It is required to satisfy (3.0.2) (mod t m+1 ). Equivalently, it satisfies (3.0.3) for n ≤ m. A formal automorphism is defined just as before. Ifξ t is another approximate deformation of order m, then we say that ξ t andξ t are equivalent if there exists a formal automorphism φ t such that
Given a 1-cocycle σ in the Hochschild cochain complex of R with coefficients in End(M ), integrating σ is equivalent to extending ξ t = ξ + tσ, an approximate deformation of order 1, to approximate deformations of all higher orders. To this end, we now consider the problem of identifying the obstructions to extending an approximate deformation of order m to one of order m + 1.
Let, then, ξ t = m i=0 t i ξ i be an approximate deformation of order m. Consider the k-linear map Obs(ξ t ) ∈ Hom k (R ⊗ R, End(M )) defined by
for all a⊗b ∈ R⊗R. We call Obs(ξ t ) an obstruction cocycle. The terminology will be justified by the following two results. Proof. In Hochschild cohomology, the differential
We perform the following computation:
In this last step, call the sum of the first two terms A and the sum of the last two terms B. Then we have
Similarly, we have
Therefore, d 2 Obs(ξ t )(a ⊗ b ⊗ c) = A + B = 0, as was to be shown.
This finishes the proof of the lemma.
With this in mind, we can now show that the cohomology class of the 2-cocycle Obs(ξ t ) is exactly the obstruction to extending ξ t to an approximate deformation of one higher order. Theorem 4.2. Let ξ t be an approximate deformation of order m. Then ξ t extends to an approximate deformation of order m + 1 if, and only if, the 2-cocycle Obs(ξ t ) is a 2-coboundary.
Proof. Suppose that an order m + 1 extensionξ t = ξ t + t m+1 ξ m+1 exists. Then for a, b ∈ R we have that
Moving ξ m+1 (ab) to the left-hand side, this is equivalent to the equation
which implies that Obs(ξ t ) is a 2-coboundary.
Since the argument above is reversible, this finishes the proof of the theorem.
An immediate consequence of this result is an obstruction theoretic answer to the question of integrating a 1-cocycle. As a special case, we obtain a simple cohomological criterion which guarantees that an approximate deformation of any order can be extended to a deformation of M . Finally, we consider the question of whether an extension is unique up to equivalence.
Let ξ t = ξ + tξ 1 + · · · + t m ξ m be an approximate deformation of M of order m and let ξ ′ t = ξ t + t m+1 ξ ′ m+1 and ξ ′′ t = ξ t + t m+1 ξ ′′ m+1 be two order m + 1 extensions of ξ t . From the proof of Theorem 4.2, we know that
In particular, the difference ξ ′ m+1 − ξ ′′ m+1 is a 1-cocycle. We now observe that the vanishing of the cohomology class of ξ ′ m+1 −ξ ′′ m+1 is a sufficient condition for the two extensions to be equivalent.
Proposition 4.5. With the notations as above, the two extensions ξ ′ t and ξ ′′ t are equivalent if the 1-cocycle ξ ′ m+1 − ξ ′′ m+1 is a 1-coboundary.
Proof. The hypothesis says that there exists some k-linear endomorphism φ of M such that ξ
. Define a formal automorphism of M by setting φ t = 1 + t m+1 φ. Then we have φ
This shows that the two approximate deformations ξ ′ t and ξ ′′ t of order m + 1 are equivalent.
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